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In [lo], Trotter proved the following result: given -A,, -A, the 
infinitesimal generators of two strongly continuous semigroups S,(t), S,(t) of 
linear contractions on a Banach space X, if -(A, + A,) (the closure of 
-(A, + A,)) is also the generator of such a semigroup, say S,(t), then, for 
any f E X 
Many attempts arose in the literature to extend this result to the case of 
nonlinear semigroups of contractions. In this context a natural question is: 
given A,, A, two m-accretive operators on X such that A, = A, $ A, is also 
m-accretive, is (1) true for the semigroups of contractions “generated” (in the 
sense of Crandall-Liggett [ 51) by -A,, -A,, and -A, and for anyfE D(A,) 
(assuming the product makes sense)? 
A positive answer to this question has been provided with extra 
assumptions on A,, A,, or (and) on the space X, for instance: 
(i) A, and A, are continuous on X. 
(ii) -A, is the generator of a linear contraction semigroup and A, is 
continuous on X. 
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(iii) X is a Hilbert space and A i, A *, A i + A 2 are single-valued 
maximal monotone operators (see B&is [l] or Brezis-Pazy [2]). 
(iv) X is a Hilbert space and A i , A, are the subdifferentials of lower 
semicontinuous convex functions from X into ]-co, co] (see Kato-Masuda 
[71). 
Other results are also mentioned in Kato [6]. It is interesting to notice 
that all the results above are (more or less easy) consequences of the 
nonlinear version of Chernoffs lemma (see [3]) given by Brezis-Pazy in [2] 
which says: given (U(t)),,,, a family of contractions from a closed convex 
subset C of X into itself, if there exists A 3 m-accretive such that D(A 3) = C 
and 
-1 
Vf E c, VA > 0, ,“rn+ 
L 
Z + i (Z - U(t))] f= (z+W-‘f, + 
then 
[ c iJ 
n 
VfE c, VlE [O, co[? lim U _f_ f = S,(t)f: “-CC n 
The purpose of this paper is to give a counterexample. showing that the 
question above has a negative answer in that general setting. Moreover, we 
exhibit here two linear m-accretive operators A i, A, whose sum 
A, = A I + A, is also m-accretive and for which (1) fails for some f E D(A,) 
as well as 
VtE [O, m), pir [ ir+~~,)-‘lz+fA,j-lIlf=S,(t)S 
To understand this counterexample with respect to Trotter’s result, it is 
necessary to remember that an operator A on a Banach space X is said to be 
m-accretive if, for any 3, > 0, (Z + AA- ’ is a nonexpansive mapping defined 
on the whole space X (see, e.g., [2] for more details). Consequently, by the 
well-known Hille-Yosida theorem, if A is a linear m-accretive operator, -A 
is the (infinitesimal) generator of a strongly continuous semigroup of 
contractions if and only if its domain S(A) is dense. Obviously, this property 
fails in our examples below. Therefore, if these operators generate 
semigroups in the “nonlinear sense” (see Crandall-Liggett [5]), that is, 
Vf E D(A), Vt E [O, a), S(t)f= iill (z++l) -2 (2) 
they are not strong generators of these semigroups. 
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Let C&R) (resp. C(K)) denote the Banach space of the bounded 
continuous functions on R (resp. on the compact set K of R) with the norm 
vu E C,(R), Ilull = s,$p, lu(x>l 
(resp. Vu E C(K), Ilull = ;:f: lG>l>. 
Let p E P(W) be a periodic function with period 2 whose graph on [0, 21 
is shown in Fig. 1. 
On C,(R), we define the following operators (the derivative is taken in the 
sense of distributions): 
(i) D(A r) = {u E C,(lR); px3z4’ E C,(lR)}, A, 24 = px3u’. 
(ii) II@,) = (24 E C,(R); (1 --p)x3u’ E C,(R)}, A,24 = (1 -p)x3u’. 
(iii) D(A,)={uEC,(lR);x3u’EC,(R)},A,u=x3u’. 
For any compact set K of R, symmetric with respect to 0, we define on 
C(K): 
Vi= 1,2,3, D(A:) = {u E C(K); aix3u’ E C(K)}, 
A724 = aix3zd, 
where a,=~]~, q=(l--)],,a,=l,. Here the derivative is taken in 
g’(K’) and (rix3u’ E C(K) means that czix3u’ is continuous on K” and can 
be continuously extended to K. 
PROPOSITION 1. (i) For i = 1, 2, 3, -A: is the generator of a strongly 
continuous contraction semigroup SF on C(K) and A: + A: = AT. 
(ii) For i = 1,2,3, Ai is m-accretive on C&R) and A, + A, = A,. 
(iii) For i= 1, 2, 3, 
VfE C,(R)> VA > 0, I(‘+ ~Ai)Y1.fllx= (I+ uF)-‘(AK)* 
1 -8 
kl 17 l-9 , 2 
FIGURE 1 
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(iv) Zf S,(t): Dpi) - Dm is dej?ned 6-y 
Vf E D(A i), Vt > 0, Si(t) f= n-m [I++] -“A li  
then 
Remark 1. If u E D(A3),x3u’ is bounded. Hence, limX++a u(x) and 
lim x-r--a3 U(X) exist. Therefore, D(A,) is not dense in C,(R). 
Note also that, if x,,y, E (2n -I- q, 2n + 1 - ~1 and if u E D(A,), then 
This also proves that D(A,) is not dense in C,(lR). 
PROPOSITION 2. (i) S,(t) and S,( ) 1 t eave D(A,) invariant and for all 
fE D(A,) and all t E (0, co), [S,(t/n)S,(t/n)]” f converges to S,(f)f 
untyormly on compact subsets of R. 
(ii) For all fE C,(R) and all t > 0, ](I+ (f/n) A,)-’ 
(I+ W+W1l”f converges to S,(t) f uniformly on compact subsets of R. 
But 
(iii) For any f E C,(lR) with compact support and f f 0, there exists 
t E (0, 00) such that [S,(t/n) S,(t/n)]” f does not converge in C,(R). 
For all t E 10, oo), there exists fE C,(R) such that [S,(t/nj S,(t/n)]” f 
does not converge in C,(lR). 
(iv) For any f E C,(R) with compact support and f f 0, there exists t 
such that [(I+ (t/n)A,))‘(I+ (t/n)A,)-‘I” f does not converge in C,(R). 
Proof of Proposition 1. The equalities AT+Af=A:, A,+A,=A, 
follow directly from the definition. 
For each i = 1,2,3, the proposition is a consequence of the following 
lemma. 
LEMMA. Let a be a nonnegative function in ?(lF?)n C,(R). Let A 
(resp. AK) be dejned on C,(lR) (resp. C(K)) by 
D(A) = {u E C,(R); ax3u’eC,(R)}, Au = ax3u’ 
(res. D(AK) = (u E C(K); ax3u’ E C(K)}, AKu = ax3ur). 
Then: 
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(i) -AK is the generator of the strongly continuous semigroup of 
contractions S”(t) on C(K) defined by 
VfE C(K), s”(t) f(x) =fGm x>>, (3) 
where X(.,x) is the solution of 
$ X(t, x) = -a(X(t, x)) x” (t, x), 
Moreover, for all A > 0, 
X(0, x) = x. (4) 
Vj-E C(K). VxEK, (I + AA”)-‘f(x) = ti,r ep”.3 f(X(t, x)) dt. 
(5) 
(ii) A is m-accretive on C,(IR) and 
VfE C,(R), vx E IR, (I + LA)-’ f(x) = +jorn e-“’ f(X(t, x)) dt, 
Vj-E D(A), Vx E F?, WI f(x) =fW3 x>>, 
where S(t) is defined by (2). 
Proof of the Lemma. The proof of (i) is similar to the proof of 
Theorem 1.1 in [8]. Since K is symmetric and since [X H -a(X) X”] is 
Lipschitz continuous on K and has the same sign as -X, (4) has a unique 
solution which stays in K for x E K and satisfies 
Vt>O, w, XII < IXI, 
(t, x) E [O, co [ x K--t X(t, x) is continuous. 
It follows that (3) defines a strongly continuous semigroup of contractions 
S”(t) on C(K) whose generator L is given by 
Lu(x) = lim 
&qt, x)) - u(x) 
3 
t-0+ t 
when the limit exists uniformly in x E K. Proceeding as in [8], we prove that 
L is the closure of its restriction Lo to C’(K). Indeed let 9 denote the 
Lipschitz continuous functions on K. Then, if u E D(L) n L, 
Lu(x) = -a(x) x%‘(x), 
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and [u, Lu] is thelimit in C(K) x C(K) of some [u,, L,u,] with U, E C’(K). 
This proves that L,, contains the restriction of L to D(L) n L. But one can 
show that L is the closure of this restriction by using the fact that L?(t) leaves 
D(L) n L invariant. 
Now let us show -&, =AK. If [u,, crx’ u;] E -Lo converges to [u, v] in 
C(K) x C(K), then ax3uA converges to czx3u’ in the sense of distributions; 
hence, ax3u’ = n&C(K) which proves -&, c AK. 
For the converse, as Z - E,, is onto on C(K), it is sufficient to remark that 
Z + AK is one-one, that is, 
(u E C(K), u + cfx3u’ = 0 in D’(K)) * (U = 0 on K). (6) 
This achieves the proof of (i), the property (5) being well known. 
TO prove that A is m-accretive, let us consider for fE C,(lR) and L > 0, 
u,(x) = t,” e-‘la f(X(t, x)) dt. (7) 
0 
For any K as above, we have 
VxEK, u,(x) = (Z + ~AK)-‘Cf;Jx). 
As K is arbitrary, this proves that u1 and ax3ui are continuous on R and 
verify 
uA + Aax3ul, = f in Q’(R). 
Since (1 Us]] < IIf]] by definition, u1 and ax’ui E C,(lR). Hence, uJ E D(A) 
and u1 + AAu, =jI 
This proves that A is an extension of an m-accretive operator. Since Z + A 
is one-one (see (6)), A is m-accretive. 
The relations (5) and (7) give 
VfE C,Ph IV + u>-‘fl,, = (Z-i- ~TVJ. 
Hence, by the definition (2), 
(The last equality is well known for the linear generators.) Finally, 
VfE WA 1, w f(x) =f(W7 xl>. 
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Remark 2. If a = 1 (i.e., A = A3), we obtain that 
Then, g(t)f(x) =f(X(t, x)) defines a semigroup of contractions on C,(R), 
but one can directly verify that t M S(t) f is continuous at 0 if and only if 
f E C(R) = {g E C,(R); lim,,, g(x) and lim,,-,g(x) exist}. Since S(t) 
leaves C(a) invariant and since D(A,) c C(B) by Remark 1, S,(t) is exactly 
the restriction of S(t) to C(R) and C(R) = D(A,). 
Proof of Proposition 2. Observe that, by the definition of p, for i = 1, 2, 
vx > 0, x - 1 - ?) < Xi@, x) < x, 
vx < 0 x <Xi@, x) <x + 1 + q 
(8) 
(Xi, i = 1, 2, is the solution of (4) with a, = p, a2 = 1 - p.) Therefore, D(A,) 
(which is the set (g E C,(lR); lim,.+,g(x) and lim,,-,g(x) exist} (by 
Remark 2)) is invariant under S,(t) and S,(t). Hence, [S,(t/n) Sz(t/n)]” f is 
defined for all f E D(A,). Then, using (i), (iii), and (iv) in Proposition 1, 
parts (i) and (ii) are consequences of Trotter and Chernoff’s results (see 
[ l&31). 
Now by (8), if f E C,(R) has compact support in [-R, R], S,(t) f and 
S,(t) f also have compact support in (--R - 1 - q, R + 1 + r] for any t > 0 
and so do (I+ tA,)-‘f and (I+ tA,)-’ f by (ii) in the lemma. 
So let f E C,(R) have compact support and assume that 
[W/n) W/n)l”f or [(I+ (t/n)A,)-‘(I+ (t/n)AJ’]“f converges 
uniformly on R. The limit is necessarily S,(t) f which is given by 
vt > 0, VXfO> sdt)f(x)=f id&, . 
Then we have 
O=S,(t)f(+a)=f &), O=S,(t)f(-w)=f @. 
If f f 0, this is false for some t E (0, co). 
For the last statement of (iii), given t > 0, let fE C,(R) have compact 
support and f = 1 on [ -( 1/\/2t), (l/\/zt)]. Then 
s,(t) f= 1. 
Clearly, [S,(t/n) Sz(t/n)]” J which has compact support, cannot converge 
uniformly to 1. 
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Remark 3. If c(lR) denotes the continuous functions on R which vanish 
at foe, let Ai = Ai r‘l @F?) X c(R). Then we can show that -A!, -a2 are 
the (strong) generators of continuous semigroups of contractions s,(t), g,(t). 
The same remarks as above prove that [s^,(t/n) s^,(t/n)]“f do not always 
converge in d(lR). (Obviously, -A, does not generate any semigroup even in 
the nonlinear sense.) Trotter also noted in [lo] that the convergence of this 
product may fail for the sum of two generators. 
Let us finally recall the example given by Pitt [9] showing that, if 
-A,, -A, are two generators, the above product may converge even if 
D(A ,) A D(A,) = (0). See also Chernoff [4] for more pathological cases. 
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